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Abstract: In this article, we introduce the capacitated warehouse location model with risk pooling (CLMRP), which captures the
interdependence between capacity issues and the inventory management at the warehouses. The CLMRP models a logistics system
in which a single plant ships one type of product to a set of retailers, each with an uncertain demand. Warehouses serve as the direct
intermediary between the plant and the retailers for the shipment of the product and also retain safety stock to provide appropriate
service levels to the retailers. The CLMRP minimizes the sum of the fixed facility location, transportation, and inventory carrying
costs. The model simultaneously determines warehouse locations, shipment sizes from the plant to the warehouses, the working
inventory, and safety stock levels at the warehouses and the assignment of retailers to the warehouses. The costs at each warehouse
exhibit initially economies of scale and then an exponential increase due to the capacity limitations. We show that this problem can
be formulated as a nonlinear integer program in which the objective function is neither concave nor convex. A Lagrangian relaxation
solution algorithm is proposed. The Lagrangian subproblem is also a nonlinear integer program. An efficient algorithm is developed
for the linear relaxation of this subproblem. The Lagrangian relaxation algorithm provides near-optimal solutions with reasonable
computational requirements for large problem instances. © 2008 Wiley Periodicals, Inc. Naval Research Logistics 55: 295–312, 2008
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1. INTRODUCTION

Logistics management is defined by the council of supply
chain management professionals as “that part of supply chain
management that plans, implements, and controls the effi-
cient, effective forward and reverse flow and storage of goods,
services and related information between the point of origin
and the point of consumption in order to meet customers’
requirements.” Traditionally, companies have managed the
distribution of goods and storage disparately within different
functional departments. However, managers today are well
aware that optimizing the logistics system as a whole could
translate into enormous potential cost savings and a large
impact on customer satisfaction.

Similar to industry practices, the logistics literature has
usually treated strategic facility location decisions and tac-
tical inventory management decisions disparately due to the
nature of their time horizons; strategic models are consid-
ered long-term, and tactical decisions are considered short-
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term. Hence, supply chain optimization models have typi-
cally overlooked the interaction between the facility location,
distribution, and inventory management decisions.

In this article, we introduce the capacitated warehouse
location model with risk pooling (CLMRP) that incorpo-
rates inventory decisions into a location/allocation model.
We consider a logistics system in which a single plant ships
one type of product to a set of retailers, each with uncertain
demand. Distribution centers (DCs)1 serve as the direct inter-
mediary between the plant and the retailers for the shipment
of the product. Safety stock is retained at the DCs to provide
appropriate service levels. We assume single sourcing for the
retailers, that is, a retailer has to be served by a single DC.

The objective of the CLMRP is to minimize the sum
of the fixed facility location, transportation, and inventory

1 The CLMRP is appropriate for locating distribution centers that
maintain working inventory and safety stock inventory such as ware-
houses rather than those centers that act as transshipment points. In
the remainder of the paper, however, the words warehouse and DC
are used interchangeably.
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carrying costs. The model simultaneously determines DC
locations, shipment sizes and frequencies from the plant to
the DCs, the working inventory and safety stock levels at the
DCs, and the assignment of retailers to the DCs. The model
also ensures that the capacity limitations of the DCs are not
exceeded.

The capacity constraint for each DC is defined based on the
inventory management policy at that DC. More specifically,
the capacity constraint ensures that the maximum possible
inventory accumulation at a given DC does not exceed that
DC’s capacity. The more frequently a DC orders the prod-
uct from the plant, the lower the inventory levels at that DC
and hence the less tight the capacity constraint becomes. This
new approach to modeling capacities affords a much broader
interpretation of the capacity issue than does the traditional
approach such as in the classical capacitated fixed charge
location problem (CFLP) and its variants [1, 15, 16, 18, 22].

In the CFLP, the capacity constraint limits the average
quantity of products that can flow through a DC. This tra-
ditional modeling of capacity can be interpreted as a yes
or no question, meaning can a retailer be assigned to a
DC or not. To this end, if a retailer cannot be assigned to
any of the open DCs, a new DC may have to be added
to the existing network to increase available capacity. The
CLMRP improves upon this model by allowing a retailer
to be assigned to an existing DC and permitting that DC to
order more frequently from the plant. The CLMRP is there-
fore, capable of evaluating the tradeoff between establishing
more DCs to increase system capacity (incurring fixed loca-
tion costs) versus ordering more frequently from the plant
(increasing ordering costs). This new approach to modeling
capacities at the warehouses is parallel to the modern view
of capacity planning at manufacturing facilities as discussed
in [17].

We formulate the CLMRP as a nonlinear integer pro-
gram. A Lagrangian relaxation solution algorithm is pro-
posed because Lagrangian relaxation algorithms have been
successfully developed for traditional facility location prob-
lems. However, the objective functions of the traditional
models are linear whereas the objective function of the
CLMRP is nonlinear and it is neither concave nor convex. The
Lagrangian subproblem is also a nonlinear integer program
for which we develop an efficient algorithm. The Lagrangian
relaxation solution algorithm presented in this article pro-
vides near-optimal solutions with reasonable computational
requirements for large problem instances.

The article is organized as follows. In Section 2, we review
some of the literature related to location theory and inventory
models. In Section 3, we present the CLMRP and outline
the solution algorithm for the problem, which exploits the
structure of the model. Section 4 presents the computational
results of our solution algorithms. Section 5 outlines our
future research plans.

2. LITERATURE REVIEW

Most research in logistics literature has studied inven-
tory theory and location theory separately. Inventory theory
focuses on the evaluation of inventory replenishment strate-
gies at the DCs and the retailers. These studies assume that
the strategic location decisions have been made; the num-
ber and locations of DCs are assumed to be known. The
objective of most inventory models is the minimization of
inventory costs while providing appropriate service levels.
For a detailed study of inventory models, see texts by Graves
et al. [14] and Nahmias [21]. Alternatively, location theory
literature focuses on finding the optimal number and loca-
tions of DCs and the appropriate DC-retailer assignments.
The objective of most location models is the minimization
of fixed facility location and transportation costs, ignoring
inventory related costs. For a summary of location models,
see the texts by Daskin [7] and Drezner [9].

Baumol and Wolfe’s [5] work introduces the idea of incor-
porating inventory costs into location models. The authors
argued that inventory costs should add a square root term to
the objective function of the uncapacitated fixed charge loca-
tion problem (UFLP), which is an NP-Hard Problem (see
Krarup and Pruzan [19] for a proof of NP hardness of unca-
pacitated facility location problem). However, they were only
able to solve for local optima using a simple heuristic.

A number of integrated location-inventory models have
appeared recently. Barahona and Jensen [4] solved a location
model with a fixed inventory cost through Dantzig-Wolfe
decomposition. Erlebacher and Meller [11] formulated a
location-inventory model in which the demand points are
continously represented. Teo et al. [31] developed a

√
2-

approximation algorithm for a location model that considers
inventory costs but ignores transportation costs. Teo and Shu
[32] introduced a joint location-inventory model that con-
siders a multiechelon inventory cost function and solved
the resulting problem using column generation. Nozick and
Turnquist [23] incorporated a safety stock cost term into the
traditional location models and solved the resulting model by
linearizing the inventory related terms. Nozick and Turnquist
[24] also introduced a network design problem for multiple
products and determined whether the safety stock for a spe-
cific product should be retained at the plant or at the DCs.
Eskigun et al. [12] introduced a location model that consid-
ers the pipeline inventory costs based on the expected lead
time from the plants to the distribution centers. The lead time
experienced by a distribution center is formulated as a func-
tion of the volume of demand assigned to that distribution
center. This model is more appropriate for locating cross-
docking centers or for locating distribution centers for which
the bottleneck is the server availability at loading/unloading
docks rather than the space availability at the distribution
centers itself.
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Shen et al. [27] and Daskin et al. [8] developed the location
model with risk pooling (LMRP) that explicitly incorpo-
rated inventory decisions into the UFLP. The authors aimed
to capture the “risk pooling effects” in this model. Eppen
[10] studied the effects of grouping retailers on inventory
costs, namely risk pooling effects. He showed that when each
retailer faces independent demands, the total expected safety
stock costs are significantly less in the centralized mode than
in the decentralized mode. The LMRP made use of this result
by keeping safety stock for retailers at their designated ware-
houses. The inventory related costs add a concave function
(an economies of scale cost term) to the objective function of
the LMRP. Balcik [3] and Shen [29] studied the multiproduct
extension of the LMRP.

All of the location-inventory models mentioned earlier
incorporate an economies of scale term into the objective
function that captures the risk-pooling effects. In this arti-
cle, we propose one of the first network design problems,
which considers a cost term at each DC that exhibits initial
economies of scale and then, after a given increase in demand,
exhibits an exponential increase. This enables us to evaluate
the tradeoff between risk-pooling benefits and ordering costs
incurred at a given DC as more retailers are assigned to that
DC. The model also captures the interdependence between
inventory levels and capacity limitations (space availability)
at the DCs. We describe the model and its properties in the
next section.

3. CAPACITATED LOCATION MODEL WITH
RISK POOLING

3.1. Model Formulation

In this section, we introduce the CLMRP that models the
storage and movement of a single product from a single plant
to a set I of retailers through a set J of candidate DCs. We
assume direct shipments from the DCs to the retailers and that
a retailer has to be served by a single DC. We also assume
that the daily demands at the retailers are uncorrelated over
time and across retailers and follow Poisson process (Daskin
et al. [8], Shen et al. [27], Ozsen et al. [26]). This implies that
the variance of the daily demand, σ 2

i , is equal to the mean of
daily demand, µi for each retailer i.

To meet the demands of the retailers, the DCs hold two
types of inventory: the working inventory, which depends
on the inventory ordering policy adopted at the DCs, and the
safety stock, which is maintained to protect the system against
possible stock outs during the replenishment lead time and
depends on the service level. When calculating the safety
stock cost at the warehouses, we use the Normal approx-
imation to Poisson distribution. Note that approximating a
Poisson demand process by Normally distributed demands

can be shown to be good for sufficiently large demand values
(Montgomery [20]).

We first detail the inventory policy the DCs follow to start
modeling the problem. Each DC orders from the plant using
an approximation to the (Q,r) model with Type I service (Nah-
mias [21], pp. 256). We approximate the (Q,r) model using
two steps. In the first step, the order quantity is determined
using the EOQ model. Then, based on this order quantity, the
reorder point is determined. It is well known that this two-
step approach provides a good approximation to the optimal
order quantity and reorder point values (Axsater [2]). Follow-
ing this approach, we first solve a capacitated EOQ problem
to determine the optimal order quantity.

Let Qj represent the (unknown) reorder quantity at DC
j and rj represent the reorder point at DC j . Let Cj be the
available capacity at DC j , and Lj be the lead time in days for
deliveries from the plant to the distribution center j . We inter-
pret the capacity constraints to mean that at any point in time
the maximum accumulation at a DC should not exceed that
DC’s capacity. This interpretation has practical value because
the amount of space that the warehouse needs is proportional
to peak inventory, not annual flow or average inventory as
also pointed out by Simchi-Levi et al. [28]. Note that if a DC
observes no demand during the replenishment lead time, the
inventory levels at that DC would reach its maximum. Hence,
we can conclude that the maximum possible accumulation at
DC j is the sum of the order quantity, Qj , and the reorder
point, rj . As a result, under the worst-case scenario (when
no demand is observed during the lead time), the capacity
constraint can be written as follows:

Qj + rj ≤ Cj

where rj = safety stock + E [demand during lead time].
The major complication in setting up the capacitated EOQ
model is that the order quantity, the working inventory, and
the safety stock levels at a DC are a function of the total vol-
ume of demand assigned to the DC, which is a function of the
endogenously determined DC-retailer assignments. To work
around this interdependency, assume for the moment that the
DC-retailer assignments are known. Let Sj be the set of retail-
ers assigned to DC j , then the lead time demand at DC j has
a mean and variance of Lj

∑
i∈Sj

µi . Then, the safety stock
required to ensure that stock outs occur with a probability of

α or less is zα

√
Lj

∑
i∈Sj

µi where zα is a standard Normal

deviate such that P(z ≤ zα) = α.
Let χ represent the number of days in a year and Dj rep-

resents the expected annual demand of retailers in Sj , that is:
Dj = χ

∑
i∈Sj

µi . Given the additional notation, the safety

stock amount for DC j can be rewritten as zα

√
LjDj/χ , and

the expected demand during the lead time becomes Lj
Dj

χ
.
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Hence, the capacity constraint for DC j under the worst-case
scenario is as follows:

Qj + zα

√
LjDj/χ + Lj

Dj

χ
≤ Cj

To formulate the annual cost of ordering from the plant at
the distribution center, we introduce some more notation. Let
Fj be the fixed cost of placing an order from distribution
center j to the plant, and let h be the annual holding cost
per item. The fixed cost of shipping an order to DC j is gj ,
and the per-unit shipment cost from the plant to DC j is aj .
To minimize the working inventory costs, we need to solve
the following capacitated EOQ problem for DC j , where the
reorder quantity, Qj , is the decision variable:

W ∗
j (Dj ) =




Minimize Gj(Qj) = Fj

Dj

Qj

+ β

(
gj

Dj

Qj

+ ajDj

)
+ θ

hQj

2

subject to Qj + zα

√
LjDj/χ + Lj

Dj

χ
≤ Cj

Qj ≥ 0

The objective function of this EOQ model, Hj(Qj), is the
expected annual working inventory cost. The first term is the
total fixed cost of ordering Qj units. The second term repre-
sents the transportation cost from the plant to DC j . The last
term is the cost of holding an average of Qj/2 units of inven-
tory. β and θ are, respectively, the weight factors associated
with the transportation and inventory costs. These weights
facilitate the experimental design in which we test the rel-
ative importance of transportation and inventory costs with
respect to fixed facility location costs.

Let W ∗
j (Dj ) be the optimal total working inventory cost

for DC j , that is the optimal objective value to the nonlinear
program above. Note that this cost term is nonlinear and is
neither a concave nor a convex function of the total assigned
demand and grows asymptotically. The properties of this cost
term are briefly summarized in Appendix B and for more
details regarding the term, the interested reader is referred to
Ozsen [25] and Ozsen et al. [26].

Recall that, the derivation of the optimal working inven-
tory cost for DC j assumes that we know the customer set, Sj ,
assigned to DC j . So, we need to solve for setSj endogenously
as well. To simultaneously determine the locations of the DCs,
the DC-retailer assignments and the working and safety stock
inventory costs, we define the following decision variables:

Xj =
{

1, if we locate at candidate sitej
0, if not

Yij =



1, if demands at customer i are assigned to a DC
at candidate sitej ,

0, if not

Given the assignment variables, Dj can be rewritten as∑
i∈I χµiYij . So far, we have only discussed the costs asso-

ciated with the orders from the plant to the DCs. A fixed
location cost, fj , is incurred to establish a DC j . Transporta-
tion costs are incurred for the direct shipment of the product
from each DC to its customer set. Let dij be the cost per unit
to ship from candidate DC site j to retailer i. Now, we can
formulate the CLMRP as follows:

Minimize
∑
j∈J


fjXj + βχ

∑
i∈I

dijµiYij

+ θhzα

√
Lj

√∑
i∈I

µiYij




+
∑
j∈J

[
(Fj + βgj )

χ
∑

i∈I µiYij

Qj

+ βχ
∑
i∈I

ajµiYij + θ
hQj

2

]
(1)

Subject to
∑
j∈J

Yij = 1, ∀i ∈ I (2)

Yij − Xj ≤ 0, ∀i ∈ I , j ∈ J (3)

Qj +

zα

√
Lj

√∑
i∈I

µiYij + Lj

∑
i∈I

µiYij




≤ Cj , ∀j ∈ J (4)

Qj ≥ 0, ∀j ∈ J (5)

Yij ∈ {0, 1}, ∀i ∈ I , j ∈ J (6)

Xj ∈ {0, 1}, ∀j ∈ J (7)

The objective function (1) sums the fixed cost of locating
distribution centers, the DC-retailer transportation cost, the
safety stock cost, and the working inventory cost. Constraints
(2) require that each retailer is assigned to exactly one dis-
tribution center. Constraints (3) state that retailers can only
be assigned to open DCs. (4) and (5) are constraints of the
capacitated EOQ problem discussed earlier. (6) and (7) are
standard binary constraints.

This model has nonlinear terms in both the objective func-
tion and the constraints unlike the UFLP or the LMRP. In
addition, to obtain the optimal solution, we need to solve for
the order quantity variables explicitly unlike in the LMRP.
To simplify matters, instead of representing the working
inventory cost and the reorder quantity explicitly, we include
W ∗

j (Dj ) in the formulation above. To simplify the notation

further, let W̄ ∗
j (χ

∑
i∈I µiYij ) denote the optimal working

inventory and safety stock cost for DC j , as a function of the
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expected assigned annual demand. That is

W̄ ∗
j

(
χ
∑
i∈I

µiYij

)
= W ∗

j

(
χ
∑
i∈I

µiYij

)

+ θhzα

√
Lj

√∑
i∈I

µiYij

In other words, we choose to work with the following
equivalent CLMRP formulation for the remainder of the
paper:

(CLMRP) Minimize
∑
j∈J

[
fjXj + βχ

∑
i∈I

dijµiYij

+ W̄ ∗
j

(
χ
∑
i∈I

µiYij

)]
(8)

subject to
∑
j∈J

Yij = 1, ∀i ∈ I (9)

Yij − Xj ≤ 0, ∀i ∈ I , j ∈ J (10)

Yij ∈ {0, 1}, ∀i ∈ I , j ∈ J (11)

Xj ∈ {0, 1}, ∀j ∈ J (12)

We prefer this formulation for two reasons. First, we can
solve for the optimal order quantity endogenously. Second,
this formulation allows the optimal working inventory cost
function, W̄ ∗

j (Dj ), embedded in the objective function to be
due to any inventory policy not only the one described in
this section. In this sense, this formulation is more general.
Also, note that if it were not for the third term in the objec-
tive function, the CLMRP formulation would be identical
to the classical UFLP formulation. This term has the same
properties as those of W ∗

j (Dj ), which are discussed briefly
in Appendix B.

Before concluding this section, we note that the capacity
constraint and the optimal working inventory cost function
are derived under the worst case scenario. In reality, the prob-
ability of observing no demand during a lead time should be
very low. In this sense, the capacity constraint is very conser-
vative. However, we can solve the chance constraint variant
of the problem (see Appendix C for more details). If we con-
struct the capacity constraint considering that the probability
of inventory accumulation exceeding the capacity is low, then
we lose the linear term in the capacity constraint (4). Instead,
a probability-related constant is added as a coefficient of Dj

in the square root term. Although this seems to change the
structure of the constraint, the essential properties of the opti-
mal working inventory cost function remain the same. Hence,
the solution approach we develop in the next section applies
to the case in which DC capacity limitations are modeled as
chance constraints as well.

4. SOLUTION APPROACH

4.1. Obtaining a Lower Bound

As we discussed earlier, Lagrangian relaxation-based
heuristics have been developed successfully for traditional
location models. Fisher [13] provides an excellent discussion
of Lagrangian relaxation. For its application to the UFLP and
the CFLP see Daskin [7; pp. 247–302]. Because the CLMRP
is a variant of the UFLP, we choose to develop a Lagrangian
Relaxation Algorithm to solve the CLMRP. By relaxing the
assignment constraints, we obtain the following Lagrangian
Dual problem:

Maxπ MinX,Y

∑
j∈J

[
fjXj + βχ

∑
i∈I

dijµiYij

+ W̄ ∗
j

(
χ
∑
i∈I

µiYij

)]
+
∑
i∈I

πi

(
1 −

∑
j∈J

Yij

)

=
∑
j∈J

[
fjXj +

∑
i∈I

(βχdijµi − πi)Yij

+ W̄ ∗
j

(
χ
∑
i∈I

µiYij

)]
+
∑
i∈I

πi (13)

Yij − Xj ≤ 0, ∀i ∈ I , j ∈ J (14)

Yij ∈ {0, 1}, ∀i ∈ I , j ∈ J (15)

Xj ∈ {0, 1}, ∀i ∈ I , j ∈ J (16)

For fixed values of the Lagrangian multipliers, π , we want
to minimize (13) over the location variables, Xj , and the
assignment variables, Yij . For a given π vector, the problem
decouples to the following subproblem for each distribution
center j :

(C-SPj) =




Minimize Vj = fj +
∑
i∈I

(βχdijµi − πi)Yij

+ W̄ ∗
j

(
χ
∑
i∈I

µiYij

)

Subject to Yij ∈ {0, 1}, ∀i ∈ I

Vj denotes the benefit of facility j and represents the con-
tribution of opening facility j to the objective function (13).
To obtain a lower bound for the CLMRP, we set Xj = 1 if
Vj ≤ 0, otherwise we set Xj = 0. If in the optimal solution
to (C-SPj), Xj = 1, and Yij = 1 then we set Yij = 1 in
(13)–(16), otherwise we set Yij = 0 in (13)–(16).

For Lagrangian relaxation to be effective, the subproblem
must be solved efficiently. If the objective function of the
subproblem (C-SPj) was linear, that is, if there was no work-
ing inventory and safety stock cost term as in the UFLP, the

Naval Research Logistics DOI 10.1002/nav
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subproblem could be solved simply by algebraic computa-
tion [7; pp. 250–274]. If the optimal working inventory plus
the safety stock cost term in the objective function, W̄ ∗

j (Dj ),
was concave then there is an O(nlogn) time algorithm due
to Shen et al. [27]. However, W̄ ∗

j (Dj ), is neither concave
nor convex. Hence, solving the subproblem is not straight-
forward. We begin the analysis of the problem (C-SPj) with
an observation based on its integrality relaxation. The relaxed
problem (C-SPRP

j ) is

(C-SPRP
j ) =




Minimize V RP
j = fj +∑

i∈I AiYij

+ W̄ ∗
j

(
χ
∑

i∈I µiYij

)
Subject to 0 ≤ Yij ≤ 1, ∀i ∈ I

where Ai = βχµidij − πi

THEOREM 1: Assuming that the set of retailers I has been
sorted such that:

A1

µ1
≤ A2

µ2
≤ · · · ≤ Am

µm

where m = |I |.
Then, there is an optimal solution, Y∗

ij to the (C-SPRP
j )

with the following two properties:

1. At most one of the assignment variables Y ∗
ij , takes on

a fractional value;
2. If Y ∗

kj > 0, for some k ∈ 1, . . . , m, then Y ∗
ij = 1,

∀i ∈ {1, . . . , k − 1}.

PROOF: See Appendix A. �

To solve the relaxed subproblem, first we need to be able to
determine if there is an assignment variable with fractional
optimal value. And if there is one, we need to compute its
optimal value. To this end, we prove the following theorem:

THEOREM 2: Assume that Y∗
ij is an optimal solution to

(C-SPRP
j ). If assignment variable Y ∗

kj takes on a fractional
value, then for that retailer k the following condition holds:

Ak = −
∂W̄ ∗

j

(
χ
∑

i∈I µiY
∗
ij

)
∂Y ∗

kj

PROOF: See Appendix A. �

Theorem 2 essentially states that the marginal inventory
cost of including retailer i in the customer set of DC j should

equal to the shipment cost (modified by the lagrange multi-
plier, πi) from DC j to retailer i. Now to simplify the notation,
we can rewrite this condition as follows:

By chain rule:
∂W̄ ∗

j

(
χ
∑

i∈I µiY
∗
ij

)
∂Y ∗

kj

=
∂W̄ ∗

j

(
χ
∑

i∈I µiY
∗
ij

)
∂
(
χ
∑

i∈I µiY
∗
ij

) ×
∂
(
χ
∑

i∈I µiY
∗
ij

)
∂Y ∗

kj

By letting Ē∗
j

(
χ
∑
i∈I

µiY
∗
ij

)
=

∂W̄ ∗
j

(
χ
∑

i∈I µiY
∗
ij

)
∂
(
χ
∑

i∈I µiY
∗
ij

)
Then we have

∂W̄ ∗
j

(
χ
∑

i∈I µiY
∗
ij

)
∂Y ∗

kj

= Ē∗
j

(
χ
∑
i∈I

µiY
∗
ij

)
χµk

Hence, if there is an assignment variable, Yij , that takes
on a fractional value in the optimal solution, the following
condition holds for that retailer i:

Ak + χµkĒ
∗
j

(
χ
∑
i∈I

µiY
∗
ij

)
= 0 (17)

Note that Theorem 1 does not make any assumptions about
the inventory and safety stock cost function that appear in the
objective function of (C-SPRP

j ). Theorem 2 assumes that this
cost function is differentiable. Hence, these properties hold
for any differentiable W̄ ∗

j (Dj ), not just the one described and
derived in this article. In Ozsen [25] and Ozsen et al. [26] we
derive this function and show that it is differentiable. Based
on these two theorems, we propose the following algorithm
to solve the problem (C-SPRP

j ):

ALGORITHM_C-SPRP
j :

STEP 1: Sort the elements of I such that

A1

µ1
≤ A2

µ2
≤ · · · ≤ Am

µm

where m = |I |.
Use this ordering of the elements of |I | in the

following steps.
STEP 2: Let Dj ,k = χ

∑k
i=1 µi . For k = 1, . . . , m:

Define set �j ,k = {D̂j ,k ∈ � | Ak +
χµkĒ

∗
j (D̂j ,k) = 0 and Dj ,k−1 < D̂j ,k < Dj ,k}

This step determines whether Ykj can take on
a fractional value.
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CASE 1: If set �j ,k = ∅ compute the partial
sum as follows:

Sj ,k =
k∑

i=1

Ai + W̄ ∗
j (Dj ,k)

If Ykj cannot take on a fractional value, then
we serve retailer k’s entire demand.

CASE 2: If set �j ,k 	= ∅ then:

Sj ,k = Min

{
Ŝj ,k ,

k∑
i=1

Ai + W̄ ∗
j (Dj ,k)

}

where the first term Ŝj ,k = MinD̂j ,k∈�j ,k

{∑k−1
i=1 Ai + Ak(D̂j ,k − Dj ,k−1)/χµk

+ W̄ ∗
j (D̂j ,k)}.

Record the D∗
j ,k that gives the Sj ,k value.

The first term in Sj ,k is the cost due to serv-
ing a fraction of retailer k’s demand. The second
term is due to the integral solution, which results
from serving the entire demand of retailer k. We
take the minimum of these two terms to mini-
mize the cost. Note that Step 2 is repeated for all
retailers in set I .

STEP 3: Let k∗ be the value of k that gives the minimum
Sj ,k value of Step 2.

(a) Due to Theorem 1:

Yij =
{

0, if i > k∗

1, if i < k∗

(b) Due to Theorem 2: For i = k∗,
Yij = (D∗

j ,k∗ − Dj ,k∗−1)/χµk∗ (Note

that Yij = 1 if Sj ,k∗ 	= Ŝj ,k∗)

Algorithm_C-SPRP
j works not only for W̄ ∗

j (Dj ) due to the
capacitated EOQ model that we discussed in the previous
section, but also for any differentiable expected total work-
ing inventory cost function of Dj . This algorithm would take
O(|I |log(|I |) if Step 2 did not involve finding the “zeros” of
a function. Therefore, the efficiency of the algorithm depends
on the behavior of the W̄ ∗

j (Dj ) function. Note that we use a
bisection search procedure to find the zeros this function.

The W̄ ∗
j (Dj ) is also shown to be monotone increasing in

Ozsen [25] and Ozsen et al. [26]. And since the subproblem
(C-SPRP

j ) is a minimization problem, the retailers that belong
to the set I+ = {i ∈ I : Ai > 0} cannot be served by DC j in
the optimal solution. Therefore, we can limit the search space
to I− = {i ∈ I : Ai ≤ 0} rather than the set of all retailers

I in the first Step of the Algorithm_C-SPRP
j . Note that this

additional observation does not improve the complexity of
the algorithm but could potentially reduce the computational
effort.

An important special case is when W̄ ∗
j (Dj ) in subproblem

(C-SPRP
j ) is concave. Since then, the subproblem becomes a

concave minimization problem, the assignment variables will
have the integrality property [30]. In that case, the algorithm
takes O(|I |log(|I |) as Case 2 of Step 2 can be skipped. This
special case is given in Shen [27] for the LMRP.

We solve the subproblem (C-SPRP
j ) using the improved

version of Algorithm_C-SPRP
j in which we limit the search

space to I− = {i ∈ I : Ai ≤ 0} and compute the benefit of
a facility, V RP

j = fj + Sj ,k∗ . The solution of (C-SPRP
j ) pro-

vides a lower bound solution for (C-SPj) and hence can be
used to find a lower bound solution for the original problem,
the CLMRP. We set Xj = 1 if V RP

j ≤ 0, otherwise we set
Xj = 0. Then if Xj = 1, we set Yij to the appropriate values
in (13)–(16) as outlined in Step 3 of algorithm; otherwise we
set Yij = 0 in (13)–(16).

Solving the Lagrangian Dual Problem as described earlier
for given values of πi provides a lower bound on the optimal
value of the CLMRP. To find the optimal Lagrange multi-
pliers, we use a standard subgradient optimization procedure
[13]. At each step of the Lagrangian heuristic, we use the
dual-feasible solution to construct a primal feasible solution
to the CLMRP, which provides an upper bound. We update the
Lagrangian multipliers, πi , using subgradient optimization
and proceed to the next iteration. We repeat this procedure
until the bounds converge or until some stopping criterion
is reached. The details of how to construct a primal feasible
solution are described in the next section.

The resulting lower bound solution due to (C-SPRP
j ), how-

ever, is not guaranteed to provide a tight bound for the
CLMRP. Hence, we apply branch and bound on the assign-
ment variables. We have shown in Theorem 1 that at most
one assignment variable can take on a fractional value in
the optimal solution of (C-SPRP

j ). So, at each node of the
branch bound tree, we branch on the retailer with the frac-
tional assignment value, if there is one. At every stage of this
procedure, a retailer is first forced to be in the customer set
served by the DC and then forced out of the customer set.
Branching is done in a depth-first manner.

The fact that W̄ ∗
j (Dj ) is monotone increasing allows us

also to improve the branching procedure as described in the
following observations and theorems.

OBSERVATION 1: Fixing the retailers does not change
the structure of the subproblem (C-SPRP

j ) and the algorithm
steps.

PROOF: When a retailer is forced out of the solution at
some node of the branch and bound tree, the retailer is
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removed from the set I− at that node and the children of
the node. When a retailer is forced to be in the customer set
served by a DC at a node of the branch and bound tree, the
cost associated with serving that retailer is part of the fixed
cost of opening that DC. The retailer that is forced in is also
removed from the set I− at that node and the children of that
node. �

THEOREM 3: Assume that the subset of retailers I− =
{i ∈ I : Ai ≤ 0} has been sorted such that:

A1

µ1
≤ A2

µ2
≤ · · · ≤ Am

µm

If retailer k is forced out at node t of the branch and bound
tree, i.e. Ykj = 0 and for some l > k if Al > Ak and µl > µk

then retailer l can be also forced out at node t of the branch
and bound tree (meaning, there is an optimal integer solution
with Ylj = 0.)

PROOF: This follows from the fact that the W̄ ∗
j

(χ
∑

i∈I µiYij ) is monotone increasing. See Appendix A for
the details of the proof. �

COROLLARY 1: If forcing Ykj out at some node t of the
branch and bound tree causes Ylj = 0 at node t but Ylj was
forced into the solution in a parent node of t , then we can
prune node t .

Theorem 3 and Corollary 1 allow us to decrease the num-
ber of nodes on the branch and bound tree when solving the
subproblem (C-SPj).

4.2. Obtaining an Upper Bound

At each iteration of the Lagrangian procedure, we make
use of the current lower bound solution (XLB, Y LB) to obtain
a feasible solution for the CLMRP. First, we open a DC j

only if XLB
j = 1 in the current Lagrangian solution. Then we

sort the retailers in decreasing order of mean demand, µi , and
loop through the retailers based on this order. We first process
the retailers with

∑
j∈J Y LB

ij > 0 and assign retailer i to DC j

with Y LB
ij > 0 that increases the total cost the least, based on

the assignments made so far. Next, we process the retailers
with

∑
j∈J Y LB

ij = 0 and assign retailer i to any open DC that
increases the total cost the least. At the end of this process,
if there are DCs with no retailers assigned to them, then we
close those DCs. If all the retailers are assigned to some DC,
then the resulting solution is feasible for the CLMRP and
provides an upper bound on the objective function (8).

It is possible to have some retailers not assigned to any
DC if there are not enough open DCs with sufficient capacity
in the Lagrangian solution. To avoid this possibility at the

first Lagrangian iteration, we apply a modified heuristic. At
the first Lagrangian iteration, we force open all the DCs and
process the retailers in decreasing order of mean demand and
assign each retailer to the DC that increases the total cost the
least.

At the end of the Lagrangian procedure, if the lower bound
is strictly less than the upper bound obtained, we apply a DC-
exchange heuristic. The heuristic swaps a DC currently open
in the solution with another DC that is not currently in the
solution, if doing so improves the solution. This procedure is
a variant of Teitz and Bart’s [33] procedure for the p-median
problem. We observed that this heuristic improves the objec-
tive function value for about 60% of the problem instances,
and the improvement is more significant for those problems
that have tighter capacity constraints.

5. COMPUTATIONAL EXPERIMENTS AND
RESULTS

In this section, we first explain the design of our exper-
iments and then summarize the computational results. We
tested our algorithm for the CLMRP on a total of 88 instances
generated using four different data sets: a 15-node, a 49-node,
an 88-node data, and a 150-node data set. The 15-node data
set consists of the 15 nodes with the highest demand from
the 49-node data set, which is described in Daskin [7; pp.
480–482]. The 49-node data set represents the capitals of the
lower 48 United States plus Washington, DC. The 88-node
data set contains the 49-node data set plus the 50 largest cities
in the 1990 U.S. census (with duplicates eliminated), and the
150-node data set contains the 150 largest cities in the 1990
U.S. census as described in Daskin [7; pp. 476–479]. Each of
the nodes represents a retail location. In all the experiments,
each retail location was also a candidate DC location.

Fixed facility location costs were obtained by dividing the
facility location costs in Daskin [7; pp. 476–482] by 100. Note
that for the 150-node data set, the fixed facility locations costs
are the same for all the candidate DC sites. We set the unit cost
of shipping from candidate DC j to retailer i, dij , to the great
circle distance between these locations. The fixed ordering Fj

and shipping gj costs were set to 10, and the variable ship-
ping cost aj was set to 5 for all DCs. The holding cost was set
to be 1, and zα was set to be 1.96 corresponding to a 97.5 %
service level. The lead time, L, and the days per year χ were
set to 1. Although χ = 1, the difference between the daily
parameters and yearly parameters are realized through the
weights β and θ . The weight β appears wherever χ appears
in the objective function (8). Similarly, the weight θ appears
wherever L

χ
appears in the objective function (see also the

details of the W̄ ∗
j (Dj ) function in Appendix B). Hence, vary-

ing these two weights allow us to experiment with different

Naval Research Logistics DOI 10.1002/nav

yibo li


yibo li




Ozsen, Coullard, and Daskin: CLMRP 303

Table 1. Parameters for the Lagrangian relaxation procedure.

Parameter Value

Maximum number of iterations at each node 1200
Number of number of iterations before halving α 12
Initial value of α 2
Minimum value of α 0.00000001
Minimum LB-UB gap 0.001%
Initial value for πi 10µ̄ + 10fi

values of L and χ in addition to all the other transportation
and inventory related parameters.

The parameters for Lagrangian relaxation used for all the
experiments are given in Table 1. The notation µ̄ in Table 1
stands for the average mean demand across all retailers. We
branch on Yij for those Lagrangian iterations greater than 10.
We terminated the Lagrangian procedure based on the opti-
mality gap, or the maximum number of iterations allowed or
the minimum value of α (scalar used in calculating the step
size), whichever occured first. In none of the experiments, the
procedure reaches the maximum number of iterations. The
optimality gap is defined as (upper bound − lower bound) ×
100/lower bound. Times obtained for our algorithm are on
a Dell Inspiron running at 1.7 GHz using Windows XP. The
program was written in C++.

For all four data sets, the mean demand was obtained
by dividing the population data given in Daskin (1995) by
1000. To vary the difficulty of problem instances, we first
set β and θ values to 0.0004 and 0.01 and then to 0.00001
and 0.001, respectively, which in effect decreases the rel-
ative ratio of the weights on transportation costs over the
weights on inventory costs from 0.04 to 0.01, in addition to
making the fixed facility costs relatively more important. We
refer to (β, θ) = (0, 0004, 0.01) pair as weight pair 1 and
to (β, θ) = (0, 00001, 0.001) pair as weight pair 2 in the
remainder of this section.

In addition to varying the weights, we have tested differ-
ent values of the DC capacities to vary the difficulty of the
instances. We first set the capacities of the DCs to large val-
ues and solve the CLMRP, which is equivalent to solving the
LMRP. Then, we limit the capacity of one additional DC at
a time to obtain the next problem instance. For example, to
have one DC with limited capacity in the next instance, we

set the capacity of the DC with the most assigned demand
in the optimal solution to the LMRP to half the value of the
assigned demand. We repeat this process in a similar fashion
as follows: let DC j be the facility with the most assigned
demand, Dj in the optimal solution to test problem k, then
in test problem k + 1, the capacity of DC j is set to Dj/2
to increase the capacity tightness in test problem k + 1. This
process is illustrated for the case of the 88-node data set for
weight pair 2 in Table 2. The first column titled “Capacitated
DCs” shows the DCs with limited capacities in the problem
instance. The second column, “Open DCs,” shows the DCs
open in the optimal solution to the problem instance. The third
column, “DC w/ MaxD,” shows the DC serving the largest
volume of demand in the optimal solution. As can be seen
from Table 2, in the optimal solution, it is possible to have
some DCs with limited capacity open even though there are
many other DC candidates with unlimited capacity.

Using the process outlined earlier for defining capacities,
we generate 10 instances with varying capacity tightness for
each data set (i.e., an instance may consist of up to 9 capaci-
tated DCs). We also test using both weight pairs, resulting in a
total of 80 instances. The details of the solutions are presented
in Tables 3–6 in which the columns are as follows:

Prob no.: Problem number.
No. rets: Number of retailers in the problem instance.
DCs opened: The additional DCs that are located com-

pared to the previous instance.
DCs closed: The additional DCs that are closed compared

to the previous instance.
No. of open DCs: Total number of DCs that are open.
Last capacitated DC: Additional DC that is assigned a

limited capacity.
Open DCs with limited capacity: DCs with limited capac-

ity open in the solution.
Total cost: Objective value of the best feasible solution

(Upper bound solution).
% Gap: Percentage gap between upper bound and lower

bound solution.
Lag iter: Total number of Lagrangian relaxation iterations.
B&B iter: Total number of branch and bound iterations on

the assignment variables.
CPU time (s): The number of CPU seconds elapsed before

the algorithm terminated.

Table 2. 88-Node data set, β = 0.00001 and θ = 0.001.

Capacitated DCs Open DCs DC w/ MaxD

None St Louis, Fresno, Harrisburg Harrisburg
Harrisburg Detroit, Tucson Detroit
Harrisburg, Detroit Philadelphia, Detroit, Tucson Tucson
Harrisburg, Detroit, Tucson Philadelphia, Detroit, El Paso El Paso
Harrisburg, Detroit, Tucson, El Paso Philadelphia, St. Louis, Fresno St. Louis
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Note that the first row for each data set in these four tables
provides the solution for the base case where there are no lim-
ited DCs. The other rows indicate how the solution changes
as more limited DCs are introduced into the problem. As can
be seen from these tables, even though a large number of DCs
have unlimited capacity, in most of the instances for the 15-
node, 49-node, and 88-node data sets, the DCs with limited
capacity are part of the solution. However, this is not the case
for the 150-node data set as not only there are many more
available nearby candidate DCs with unlimited capacity, but
also the fixed cost for all the candidate DCs are the same.
When the fixed cost is same across all DC locations, those
uncapacitated candidate sites within a certain proximity of a
capacitated DC site become more attractive candidates than
that capacitated DC site.

As also can be seen from these four tables, the number
of DCs are higher when the weight on transportation costs
(β) are higher (i.e.,weight pair 1), as expected. However,
the number of open DCs do not necessarily increase with an
increase in the number of retailers because each retailer point
is also a candidate DC location in these instances, which actu-
ally results in some cases in a decrease in the total cost. For
example, the 49-node data set is a subset of the 88-node data
set and the additional candidate DCs the 88-node data set
has over the 49-node data set have lower fixed location costs.
These additional candidate DCs allow for a potential decrease
in transportation costs as well because there are more nearby
candidate DCs available for those retailers common to both
data sets.

Here, we also present a summary of the computational
results for these 80 instances to facilitate the average and
worst case performance of the developed heuristic for solving
the CLMRP. Table 7 summarizes the average and maximum
optimality gaps for problem instances of varying sizes and
weights. The solution quality seems to be better when the rel-
ative weight on transportation costs to weight on inventory
costs is higher (average gap of 0.014 vs. 0.205) or equiva-
lently when the relative weight on the linear term to the weight
on the nonlinear term in the objective function is higher. How-
ever, it should be noted that for larger problem instances, the
average solution quality is comparable under both weight
pairs.

Table 7. Average and worst-case solution quality.

β = 0.0004 and θ = 0.01 β = 0.00001 and θ = 0.001

Avg gap Max gap Avg gap Max gap

15 Node 0.000 0.000 0.346 1.099
49 Node 0.012 0.095 0.400 0.614
88 Node 0.040 0.211 0.069 0.599
150 Node 0.005 0.046 0.005 0.037
Overall 0.014 0.211 0.205 1.099

Table 8 summarizes the average and worst-case CPU time
requirements in seconds. The CPU time requirements are sig-
nificantly smaller for weight pair 1 than weight pair 2. This
difference is due to the CPU time requirements by the branch
and bound method on the assignment variables, which are
summarized in Table 9. The number of branch and bound
iterations required for weight pair 1 is relatively few, because
the number of open DCs in the optimal solution for weight
pair 1 is a large portion of the total number of nodes in the net-
work, that is, about 25% of the 88 candidate DC locations are
open in the optimal solution. As a result, when we are using
the Algorithm_C-SPRP

j to solve the subproblem (C-SPRP
j ),

the set of candidate retailer locations for DC j , |I−| have a
few elements. Therefore, the number of branch and bound
iterations required to obtain the integral solution for DC j is
more manageable.

The CPU time requirements although are significantly
higher for weight pair 2, a worst case of about 212 min is not
unreasonable for such a complex network design problem.
However, as can be observed from the tables, the CPU times
and the number of branch and bound iterations increase expo-
nentially as the number of nodes in the network increases.
One way to manage the CPU time requirements for larger
data sets than the ones presented here is to not branch and
bound on the assignment variables at earlier Lagrangian itera-
tions. We experimented with this idea for the 88 and 150 node
data sets for weight pair 2 and applied branch and bound for
those Lagrangian iterations greater than 100 as opposed to
10. We observed a 85% reduction in CPU time requirements
without necessarily a degrade in the solution quality (for more
detailed results, see Ozsen (2004)).

6. CONCLUSIONS AND FUTURE RESEARCH

In this article, we have presented a new capacitated facil-
ity location model that incorporates risk pooling effects. This
model generalizes the LMRP by adding capacities to the
model in a novel way. This generalization is important for
three reasons. First, the traditional capacitated fixed charge
location models (CFLP) typically measure capacity in terms
of the number of customers or demands per unit time that

Table 8. Average and worst-case CPU times in seconds.

β = 0.0004 and θ = 0.01 β = 0.00001 and θ = 0.001

Avg CPU Max CPU Avg CPU Max CPU

15 Node 2 3 337 896
49 Node 76 219 1077 1630
88 Node 149 307 2684 12714
150 Node 131 310 2142 6896
Overall 89 310 1560 12714
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Table 9. Number of branch and bound iterations on the assignment variables.

β = 0.0004 and θ = 0.01 β = 0.00001 and θ = 0.001

Avg B&B iter Max B&B iter Avg B&B iter Max B&B iter

15 Node 176 355 38,814 104,553
49 Node 8,188 24,483 126,781 194,414
88 Node 15,107 33,391 331,473 1,612,263
150 Node 12,250 31,742 261,641 849,127
Overall 8,930 33,391 189,677 1,612,263

can be served. Although this may be appropriate for some
logistics systems, it remains meaningless for many others. In
the CLMRP, warehouse capacity is defined in terms of the
maximum inventory accumulation that is possible (or likely)
during any cycle. Thus, it provides a far more reasonable
measure of capacity for warehouses.

Second, by explicitly incorporating an inventory model
into the location model, the CLMRP is able to add an addi-
tional dimension of choice when a company faces increased
demand. In traditional capacitated facility location models,
when demand increases there are only two options available:
reallocate demands to more remote and more costly distrib-
ution centers, which are not at capacity or build additional
facilities. The CLMRP allows for a third possibility, namely,
that of ordering more often in smaller quantities, thereby
reducing the inventory accumulated during any given cycle.
In the short and intermediate terms, this is likely to be a far
more cost-effective approach to managing demand increases.

Third, the CLMRP is structurally similar to the classical
uncapacitated facility location model (UFLP). There is one
extra term in the objective function of the CLMRP, which
represents the optimal working inventory and safety stock
costs. We assumed that the DCs use a (Q,r) model with
type-1 service to replenish their inventories. We have pro-
posed a Lagrangian-relaxation-based algorithm to solve this
highly nonlinear, nonconvex integer-programming problem.
The algorithm we have proposed can be used to solve for
models in which the DCs replenish their inventory using dif-
ferent policies other than (Q,r) model. The only requirement
is that the resulting optimal working inventory cost and safety
stock cost function is differentiable.

In this formulation of the CLMRP, we considered the
movement and storage of a single product. A natural exten-
sion to the CLMRP would be to consider multiple commodi-
ties and solve for assignment and order quantity variables
simultaneously. Another natural extension to the CLMRP
would be to allow the retailer to be sourced from multiple DCs
to decrease the overall logistics costs. This natural extension
is studied by Ozsen [25] and Ozsen et al. [26]. Also, in mod-
eling the CLMRP, we have assumed direct shipments from
the distribution centers to the assigned retailers. However, in
practice, the shipments from a DC to the assigned retailers are
often a traveling-salesman-like tour. Thus, we incorporate a

better approximation of the shipment costs into the CLMRP
(e.g., the approximations developed by Daganzo (1991) [6]).

Finally, the CLMRP does not consider congestion effects
that might be experienced due to limited server availability at
the loading/unloading docks but implicitly assumes that the
bottleneck is the space availability. Sourirajan et al. [30] cap-
tures the trade-off between the risk-pooling effects and the
congestion effects experienced by the DCs due to high vol-
umes of demand being assigned to the DCs. However, their
model does not solve for the shipment frequency between
the plant and the DCs unlike the LMRP and the CLMRP.
The CLMRP could be extended to capture these congestion
effects. We are currently working on all of these extensions
to the CLMRP.

APPENDIX A

In this appendix, we provide the proofs for the selected theorems.

PROOF OF THEOREM 1: We prove Property 1 using an interchange
argument. Let Y∗

ij be an optimal solution to the subproblem, (C-SPRP
j ) that

does not satisfy Property 1 and contains two or more fractional values. Let
Y ∗

i1j and Y ∗
i2j take on fractional values in the optimal solution. Then the

objective function value of the solution Y∗
ij can be computed as follows:

Z∗
j =fj +

∑
i∈I−\{i1,i2}

AiY
∗
ij + Ai1 Y

∗
i1j + Ai2 Y

∗
i2j

+ W̄ ∗
j


χ


 ∑

i∈I\{i1,i2}
µiY

∗
ij + µi1 Y

∗
i1j + µi2 Y

∗
i2j






Now, let us define a new solution, Y′
ij to the subproblem, (C-SPRP

j ), as
follows:

Y′
ij =




Y ∗
ij ∀i ∈ I \ {i1, i2}

Y ′
i1j if i = i1

Y ′
i2j if i = i2

where Y ′
i1j = Y ∗

i1j + ε and Y ′
i2j = Y ∗

i2j − µi1
µi2

ε for some ε > 0, and i1 is

ranked before i2.
For Y′

ij to be a feasible solution to the subproblem, (C-SPRP
j ), we need

to have

1. Y ′
i1j = Y ∗

i1j + ε ≤ 1 ⇒ ε ≤ 1 − Y ∗
i1j

2. Y ′
i2j = Y ∗

i2j − µi1
µi2

ε ≥ 0 ⇒ ε ≤ µi2
µi1

(Y ∗
i2j )
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Let us set ε = min{1 − Y ∗
i1j ,

µi2
µi1

(Y ∗
i2j )}. Then Y′

ij is a feasible solution to

the subproblem, (C-SPRP
j ). And the objective function value of the solution

Y′
ij is

Z′
j =fj +

∑
i∈I\{i1,i2}

AiY
∗
ij + Ai1

(
Y ∗

i1j + ε
)+ Ai2

(
Y ∗

i2j − µi1

µi2

ε

)

+ W̄ ∗
j


χ


 ∑

i∈I\{i1,i2}
µiY

∗
ij + µi1

(
Y ∗

i1j + ε
)+ µi2


Y ∗

i2j − µi1

µi2

ε








=fj +
∑

i∈I\{i1,i2}
AiY

∗
ij + Ai1 Y

∗
i1j + Ai2 Y

∗
i2j

+ ε

(
Ai1 − µi1

µi2

Ai2

)
+ W̄ ∗

j


χ


 ∑

i∈I\{i1,i2}
µiY

∗
ij

+ µi1 Y
∗
i1j + εµi1 + µi2 Y

∗
i2j − εµi1






Because i1 is ranked before i2, we have
Ai1
µi1

≤ Ai2
µi2

. Hence, ε(Ai1 −
µi1
µi2

Ai2 ) ≤ 0 and we have:

Z′
j =fj +

∑
i∈I\{i1,i2}

AiY
∗
ij + Ai1 Y

∗
i1j + Ai2 Y

∗
i2j + ε

(
Ai1 − µi1

µi2

Ai2

)

+ W̄ ∗
j


χ


 ∑

i∈I\{i1,i2}
µiY

∗
ij + µi1 Y

∗
i1j + µi2 Y

∗
i2j




≤ Z∗

j

Hence, the solution Y∗
ij is optimal. Now consider the following three

possible values that ε can take on based on its definition:

• If (1 − Y ∗
i1j ) <

µi2
µi1

(Y ∗
i2j ), then ε = 1 − Y ∗

i1j and Y ′
i1j = 1 and

0 < Y ′
i2j < 1

• If (1 − Y ∗
i1j ) >

µi2
µi1

(Y ∗
i2j ), then ε = µi2

µi1
(Y ∗

i2j ) and 0 < Y ′
i1j < 1

and Y ′
i2j = 0

• If (1 − Y ∗
i1j ) = µi2

µi1
(Y ∗

i2j ), then Y ′
i1j = 1 and Y ′

i2j = 0

In each case, we have reduced the number of fractional variables by at
least one without degrading the objective function value. Note that we may
actually improve the objective function value, hereby disproving the assumed
optimality of Y∗

ij. This argument can be repeated until at most one fractional
value is included in the solution.

Property 2 follows from a similar interchange argument. �

PROOF OF THEOREM 2: The Lagrangian function for the problem
(C-SPRP

j ) is

Lj (Y , u, v) = fj + W̄ ∗
j

(
χ
∑
i∈I

µiYij

)
+
∑
i∈I

AiYij

−
∑
i∈I

uiYij +
∑
i∈I

vi (Yij − 1) (18)

where we have introduced Lagrange multipliers ui associated with the con-
straint Yij ≥ 0 and vi with the constraint Yij ≤ 1. Then the KKT conditions

for the problem (C-SPRP
j ) are as follows:

∂Lj (Y , u, v)

∂Yij

= ∂W̄ ∗
j

(
χ
∑

i∈I µiYij

)
∂Yij

+ Ai − ui + vi

= 0, ∀i ∈ I (19)

uiYij = 0, ∀i ∈ I (20)

vi(Yij − 1) = 0, ∀i ∈ I (21)

0 ≤ Yij ≤ 1, ∀i ∈ I (22)

ui , vi ≥ 0, ∀i ∈ I (23)

If 0 < Y ∗
kj < 1, then due to Eqs. (20) and (21) we have uk = vk = 0. Then

from Eq. (19), we have

Ak = −
∂W̄ ∗

j

(
χ
∑

i∈I µiY
∗
ij

)
∂Y ∗

kj

as desired. �

PROOF OF THEOREM 3: Assume that we are processing node t of the
branch and bound tree and that the constraint Ykj = 0 is included in the
current subproblem. Let l > k having Al > Ak and µl > µk . We will show
that it is valid to add the constraint Ylj = 0 to node t and the nodes below
node t . It suffices to show that no optimal solution at or below node t violates
this constraint.

Let Y∗
ij be an optimal solution to the IP (C-SPj). If Y ∗

kj = 1, then we are
finished, because this optimal solution is neither at or below node t . Assume
Y ∗

kj = 0. We will show Y ∗
lj = 0 by contradiction. Suppose Y ∗

lj = 1. Then the
objective function value of the solution Y∗

ij can be computed as follows:

Z∗
j = fj +

∑
i∈I−\{k,l}

AiY
∗
ij + AkY

∗
kj + AlY

∗
lj

+ W̄ ∗
j


χ


 ∑

i∈I\{k,l}
µiY

∗
ij + µkY

∗
kj + µlY

∗
lj






= fj +
∑

i∈I\{k,l}
AiY

∗
ij + Al + W̄ ∗

j


χ


 ∑

i∈I\{k,l}
µiY

∗
ij + µl






Now, let us define a new solution, Y ′
ij to the subproblem, (C-SPj), as follows:

Y ′
ij =




Y ∗
ij ∀i ∈ I \ {k, l}

Y ′
kj = 1

Y ′
lj = 0

And the objective function value of the solution Y ′
ij is

Z′
j = fj +

∑
i∈I\{k,l}

AiY
′
ij + AkY

′
kj + AlY

′
lj

+ W̄ ′
j


χ


 ∑

i∈I\{k,l}
µiY

′
ij + µkY

′
kj + µlY

′
lj





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= fj +
∑

i∈I\{k,l}
AiY

∗
ij + Ak + W̄ ∗

j


χ


 ∑

i∈I\{k,l}
µiY

∗
ij + µk






ThenZ′
j − Z∗

j = Ak − Al + W̄ ∗
j


χ


 ∑

i∈I\{k,l}
µiY

∗
ij + µk






− W̄ ∗
j


χ


 ∑

i∈I\{k,l}
µiY

∗
ij + µl






Note that since 0 ≥ Al > Ak and µk < µl and since W̄ ∗
j () is a monotone

increasing function (see Appendix B), then Z′
j − Z∗

j < 0. Hence, Y ∗
j is not

optimal, which is a contradiction. �

APPENDIX B

Properties of Wj(Dj) and W̄j(Dj) Cost Functions

As introduced in Section 3:

W̄j
∗
(Dj ) = W ∗

j (Dj ) + θhzα

√
LjDj

χ

It can be shown that

W ∗
j (Dj ) =

{
W ∗

j ,EOQ(Dj ) 0 < Dj ≤ D̂j

W ∗
j ,C(Dj ) D̂j ≤ Dj < D̄j

where W ∗
j ,EOQ(Dj ) = √

2θh(Fj + βgj )Dj + βajDj

W ∗
j ,C(Dj ) = (Fj + βgj )Dj

Cj − zα

√
Lj Dj

χ
− Lj

Dj

χ

+ βajDj

+
θh

(
Cj − zα

√
Lj Dj

χ
− Lj

Dj

χ

)
2

D̄j = χ

2Lj

(
2C − j + z2

α − zα

√
4Cj + z2

α

)

The following properties can be shown.

• W ∗
j ,EOQ(Dj ) is a concave function.

• W ∗
j ,C(Dj ) increases asymptotically as Dj approaches D̄j .

• W ∗
j (Dj ) is a differentiable and a monotonically increasing function.

• Wj
∗(Dj ) is neither a concave nor a convex function.

• W̄j
∗
(Dj ) is a differentiable and a monotonically increasing function.

• W̄j
∗
(Dj ) is neither a concave nor a convex function.

APPENDIX C

Capacity as a Chance Constraint

In this appendix, we argue that the capacity constraint constructed under
the worst case scenario is not restrictive. Let ρ denote the probability that
the inventory accumulation at DC exceeds the capacity of that DC. Let Dj ,L

be the random variable denoting the demand at DC j during the lead time
Lj . Then we have,

P(rj − Dj ,L + Qj > Cj ) ≤ ρ

P (Dj ,L < rj + Qj − Cj ) ≤ ρ

Because Dj ,L is approximately normally distributed with mean LjDj /χ

and variance LjDj /χ , we have

P

(
Dj ,L − LjDj /χ√

LjDj /χ
≤ rj + Qj − Cj − LjDj /χ√

LjDj /χ

)
≤ ρ

rj + Qj − Cj − LjDj /χ√
LjDj /χ

≤ zρ

rj + Qj − Cj − LjDj /χ ≤ zρ

√
LjDj /χ

Qj + rj − LjDj /χ − zρ

√
LjDj /χ ≤ Cj

Since rj = zα

√
LjDj /χ + LjDj /χ , we obtain

Qj + zα

√
LjDj /χ − zρ

√
LjDj /χ ≤ Cj

Qj + (zα − zρ)
√

LjDj /χ ≤ Cj

Given this new constraint, the optimal order quantity will be as follows:

Q∗
j = min

{
Qj ,EOQ, Q′

j ,C

}
.

where Q′
j ,C = Cj − (zα − zρ)

√
LjDj /χ .

It can be shown that the resulting optimal working inventory cost function

is a differentiable and non decreasing function. Therefore, we can extend the

models presented in this paper to use this sort of chance constraint and solve

for the optimal solution using the solution algorithms described in section

4.1.
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